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A Logical Foundation of Arithmetic

Joongol Kim (joongolk@gmail.com)

Gyeongsang National University

Abstract. This paper presents a logical framework (ALA) which allows numerical variables to occur simultaneously in singular
term position and in the ‘adverbial’ position of the ‘n’ in ‘F's exist n-wise’. It will be shown that the basic concepts of arithmetic
can be explicitly defined in ALA in purely logical terms, and the Dedekind-Peano axioms can be derived in ALA solely from those

definitions.

1. The Language and Rules of ALA

ALA is a two-sorted logic,' and as such has two sorts of individual variables: generic individual variables
such as x, y, z, X1, 1, 21, X2, Y2, 22, €tc, and numerical variables such as n, m, [, ny, my, Iy, np, my, I, etc. The
former are called generic in the sense that they may range over individuals of any given sort, whether they
be physical objects, persons, sets or whatnot. Numerical variables are specific in that they denote individuals
of a particular sort, namely cardinal numbers. Both generic and numerical variables will be used quite often
as parameters.

Although the two sorts of variables have their own associated domains, the domains may coincide since
generic individual variables may themselves range over (cardinal) numbers. To illustrate, the sentence ‘there
are 4 primes between 1 and 10°, which can be paraphrased as ‘there are 4 xs such that x is a prime and x is
between 1 and 10’, immediately implies in ALA that there is an n such that there are n xs such that x is a
prime and x is between 1 and 10°. Here the numerical variable 7 is associated with a domain of numbers;
but assuming the standard interpretation of the language of arithmetic, the generic variable x will also range
over its own domain of numbers. This is in fact as it should be, for a distinction is called for between the

numbers that are being counted (the xs) and the numbers used for counting (the ns).

! For a quick useful guide to many-sorted logic, see Enderton 2001, sect. 4.3.



As a second-order logic, ALA also has predicate variables. First, there are two sorts of monadic predicate
variables: generic variables—F, G, H, F1, G, Hy, F>, G», H,, etc.—and numerical variables—P, P, P,, etc.
In addition to relations between generic individuals themselves and those between numbers themselves, we
will also allow cross-sortal relations between generic individuals and numbers. So in principle there should
be three sorts of dyadic predicate variables in ALA, corresponding to the three sorts of relations. Instead,
however, the variables R, R, R, etc. will be used as sort-neutral dyadic predicate variables which range
over all three sorts of relations. This is no problem as it will be clear from context which is meant. Variables
for more than dyadic relations or for any functions will not be needed.

ALA has no primitive individual constants, function symbols or predicates, including the identity sign.
If we use i and v as meta-variables for generic individual terms and numerical terms, and & as a meta-
variable for generic predicate variables and numerical predicate variables, then identity between generic

individuals and between numbers can be defined in ALA as follows:

Definition 1.1. y =V =p; V&(Pu < dv).

Since an identity statement makes sense only when an appropriate criterion of identity can, in principle, be
given, and a criterion of identity can only be provided for individuals of the same sort, it will be assumed that
identity is not a cross-sortal relation. Thus, the identity sign shall never appear between a generic individual
term and a numerical term, including when the generic term happens to be a number-denoting term.

ALA has two primitive truth-functional connectives, ‘=’ (‘it is not the case that’) and ‘A’ (‘and’); all the
other truth-functional connectives can be defined as usual. Also, ALA has one primitive operator for logical
necessity, namely ‘[J° (it is logically true that . .."). The logical possibility operator ‘<>’ (‘it is not logically
false that ...”"), the strict connective for logical implication ‘=-" (‘it is logically true that if ...then ..."),
and the strict connective for logical equivalence ‘<’ (‘it is logically true that ...if and only if ..."), can be

defined in terms of ‘CJ° as usual.’

2 The identity of indiscernibles, which follows from the definition, is to be viewed as a consequence of standard semantics for
second-order logic (Shapiro 1991, 91), not as a controversial metaphysical thesis.
3 The strict connective ‘= can be adopted as a primitive symbol, and then the necessity operator ‘1’ can be introduced by

defining ‘0¢” as ‘(¢ = ¢) = ¢ .



Finally, ALA has the existential quantifier symbol ‘3’ (‘there is’). The universal quantifier symbol, V’
(‘for any’), can be defined as usual in terms of ‘3’. Also, numerical quantifiers of the form ‘3,’ (‘there are
n’, or more precisely, ‘exist n-wise’) will be introduced by explicit definition in the next section.

Familiarity with standard formation and inference rules for first- and second-order logic (such as found
in Prawitz 1965) is assumed. The formation rule for [J is: if ¢ is a formula, then so is [J¢. A formula will
be called modal if its main logical constant is []. Let I" be a finite, possibly empty set of formulas. Then the
introduction and elimination rules for [] can be given as follows:

k¢
T+-0¢

T+0¢

ot TFo

(each formula in I" is modal or the negation of a modal formula) [JE:

UI and UJE together yield a modal system corresponding to S5 with quantifiers (Prawitz 1965, pp. 74-75).
Notice that the two rules imply that - ¢ — y if and only if - ¢ = w. However, ‘¢ — v’ and ‘¢ = y’ still
differ in content since it is not the case that - (¢ — y) — (¢ = ). The restriction placed on I"in I blocks
the transition from {¢ — v, ¢} Fytod — yF ¢ = y.

The last item in ALA is a comprehension schema:

COMP 3"V .. Y, (X"t <> @(U1, -, ),

where X" is an n-adic—in fact monadic or dyadic since no predicate variables for more than dyadic relations
are needed for our purposes—predicate variable, generic or numerical, each of u; through pt, is an individual

variable, generic or numerical, and " does not occur free in .

2. The Basic Concepts of Arithmetic in ALA

The language of ALA is purely logical and has no primitive non-logical symbols. Yet all the basic concepts
of arithmetic can be defined in ALA, as will be shown in this section.

One aspect of the definitional extension of the language of ALA needs some comment. Standard first-
order logic treats the number word ‘n’ in ‘there are n F's’ as a non-denoting expression to be paraphrased
away in terms of quantifiers and the identity sign; in contrast, ALA treats it as a genuine denoting expression

that singles out a number and so is capable of being replaced with a numerical variable. Thus, although the

3



numerical terms to be introduced below in Definitions 2.1-2.5 are purely logical just as they are in standard
logic, they are given a new use in ALA in which they form genuine terms that can be bound by a quantifier.
What is needed to justify quantifying into the position of the ‘»’ in ‘there are n F's’, and thus validate the
use of number words as denoting expressions, is to show that a genuine relation of identity holds between
any two numbers m and n when they appear in the contexts ‘there are m F's’ and ‘there are n F's’. This will
be a core part of the task of this section.

4 or its

Since our approach is to take number words to appear primarily in the context ‘F's exit n-wise’,
colloquial equivalent ‘there are n F's’, all numerical constants and term-forming operators will accordingly
be defined in that context. Thus, all those definitions will be contextual definitions. However, this is not to
say that they are implicit definitions, that is, those which define a term by stipulating a sentence (or sen-
tences) containing the term to be true. It only means that the defined term will be a part of the definiendum
which is defined to have the same meaning as the definiens.’

First, the numerical constant ‘1’ can be introduced by defining ‘there is 1 F” to have the same meaning

as ‘there is an F:
Definition 2.1. 3,x(Fx) (‘thereis 1 F’) =p; 3Ix(Fx).

Here the defined term ‘1’ occurs as a part of the definiendum ‘3;x(Fx)” which is defined to have the same
meaning as the definiens ‘Jx(Fx)’. Note that only the defined term is supposed to be thereby given a new
meaning, and the meaning of all the other expressions in the definiendum is assumed to be already known.
That is, Def. 2.1 explains what it is for F's to exist ‘1-wise’, assuming that it is known what it is for F's to
exist.

Given the above definition of ‘1°, ‘O’ can be defined as follows:
Definition 2.2. Jox(Fx) (‘there are 0 Fs’) =py —(J1x(Fx)).

But, for the sake of simplicity of exposition, hereafter the number 1 will be taken as the smallest cardinal
number.

4 To prevent misunderstanding, it should be noted that in ALA the ‘n’ itself is supposed to function adverbially in ‘Fs exist
n-wise’. The suffix ‘-wise’ is dispensable from the logical point of view; it is used in the English paraphrases of ALA formulas of
the form ‘3,x(Fx)’ only because, as it happens, number words do not function adverbially in English.

5 For the distinction between the defined term and the definiendum, see Gupta 2012, sect. 2.
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Next, we define the arithmetical operations of successor, addition and multiplication in ALA. First, the

successor operation can be defined in the usual manner:
Definition 2.3. 3, x(Fx) (‘there are n’ F's”) =py J1y(Fy A Jux(Fx Ay # x)).

Def. 2.1 and Def. 2.3 together provide for the definition of formulas of the form ‘3,x(Fx)’ for any natural
number #n: if 7 is a natural number, then ‘3,x(Fx)” will be equivalent to ‘Jx;3x;...x,(Fx; AFxp A--- A
Fxy Ax1 #£xp # - #xp) .

The defined term in Def. 2.3 is just the successor sign ¢, not the whole numerical symbol ‘n”. If it were
the latter, the numerical variable n occurring in the definiens would make no sense. That means that in Def.
2.3 the meaning of the variable n (as well as the meaning of the expressions ‘3, ‘x” and ‘F’) is assumed to
be already known. Frege (1884, § 56) considered some definitions similar to Def. 2.1-Def. 2.3 as a possible
base for a foundation of arithmetic, and rejected them by arguing that the assumption (made in his definition
corresponding to Def. 2.3) that the meaning of the variable 7 is already known is untenable for two reasons.
First, he objects that the definitions do not tell us what numbers are, and so we have no right to assume the
meaning of the variable n to be known, as can be seen from the fact that “we can never . ..decide by means
of our definitions whether ... Julius Caesar ...is a number or is not” (ibid.). More importantly, he argues
that “we cannot by the aid of our suggested definitions prove that, if [there are exactly a F's] and [there
are exactly b Fs], then necessarily a = b” (ibid.). I dealt with the first, so-called Caesar objection and the
second objection in detail elsewhere.

To define addition, first notice that the expression ‘two sets of F's are disjoint’ can be construed as saying
that there is a property G such that one set of F's are Gs and the other set of F's are not. Then the expression

‘there are m+n F's’ can be defined as ‘there are m F's, there are n F's, and they are disjoint’, or in symbols:
Definition 2.4. 3, ,x(Fx) (‘there are m+n Fs’) =p 3G(Iux(Fx A Gx) A 3,y(Fy A—(Gy))).

Similarly, the expression ‘there are n disjoint sets of F's’ can be construed as saying that there are a relation
R and certain n things such that each of the » things stands in R to an F and no two of them stand in R to
one and the same F. Then the expression ‘there are m x n F's’ can be defined as ‘there are n disjoint sets of

m Fs’, or in symbols:

6 The first objection is the subject of Sect. 2, and the second objection the subject of Sect. 3, of Kim 2013.
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Definition 2.5. 3,,.,x(Fx) (‘there are m x n F's’) =ps AR, y3ux(FX ARyx AVz(Rzx — z=1)).

Again, the defined terms in Def. 2.4 and Def. 2.5 are the symbols ‘+’ and ‘x’, respectively, and the meaning
of all the other expressions including the variables m and 7 is assumed to be already known. So the same
Fregean worries as about Def. 2.3 can also be raised about Def. 2.4 and Def. 2.5. Yet they can be handled
in a similar fashion as in the case of Def. 2.3.

As said at the beginning of this section, in order to justify quantifying into the position of the ‘n’ in
‘there are n F's’, and thus validate the use of number words as denoting expressions, it needs to be shown
that a genuine relation of identity holds between any two numbers m and n when they appear in the contexts
‘there are m F's” and ‘there are n F's’. Considering that on the adverbial approach taken here, ‘there are n F's
is construed as a colloquial equivalent of ‘F's exists n-wise’, the following criterion of numerical identity
suggests itself: m is to be recognized as the same number as n if and only if, for any property F, if F's
exist m-wise, then they must also exist n-wise, and vice versa. The modal force of the ‘must’ here is that
of logical necessity, for, as seen above, individual numbers can be defined in purely logical terms in the
context of ‘F's exist n-wise’. That is, m is the same number as n if and only if, for any property F, there
being m F's logically implies there being n F's, and vice versa. Thus, the criterion of numerical identity can

be formulated in terms of the strict connective ‘<’ as follows:
Definition 2.6. m —n (‘m is the same number as n’) =ps VF (3,x(Fx) < 3,x(Fx)).

Here the defined term is the sign ‘ﬁ’ for the being the same number as relation, or more simply, equality.’
The reason that the simple ‘equals’ sign is not used is in order to avoid confusion with the sign ‘=" which
is already taken over by the relation of identity in Def. 1.1. However, equality, thus understood, is indeed an
identity relation for numbers. This can be seen from, first, the fact that n is the same number as itself since,
for any property F, F's exist n-wise < F's exist n-wise (reflexivity of identity), and secondly, the fact that if

m is the same number as n, then they can be substituted for one another without loss of truth in all contexts

7 This ‘sort-specific’ conception of criteria of identity, which has been advocated for instance by Wi ggins (2001, Ch. 2), departs
from the usual conception of criteria of identity as involving the simple relation of identity. Which is the right conception, if there

is one, is an issue that goes beyond the scope of this paper, and will be treated elsewhere.
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introduced by Def. 2.3-Def. 2.9 (substitutivity of identity).® Thus, from now on, the identity sign ‘=" will
be used instead of ‘i’.

It is in Def. 2.6, more than anywhere else, that ALA parts ways from those views which take number
words to be quantifiers or higher-level predicates® and those views which take number words to “help form
signs for [higher-level entities] and yet not be signs in their own right” (Frege 1979, 257).!° Unlike the
former, which construe the numeral ‘n’ as a quantifier that primarily occurs in the context of ‘n things are
Fs’, or in symbols, ‘Nx(Fx)’, ALA construes it merely as an element of the higher-level predicate ‘3,’.
On the latter, ‘n’ itself is not a denoting expression, and merely helps to form the higher-level predicate
‘3,” which is supposed to denote only as a whole. But in ALA, the ‘#’ in the numerical quantifier ‘3,’
is viewed as functioning as a genuine term in its own right, referring to the number n. And it is Def. 2.6
that provides a justification for the view. For it shows that any two numbers m and n stand in a genuine
relation of identity when they appear in the contexts ‘there are m F's’ and ‘there are n F's’, and so it should
be possible to refer to a single determinate number by using a number word ‘n’ in the context ‘there are n
Fs’. Consequently, Def. 2.6 enables us to quantify into the ‘n’ position; indeed, Def. 2.6 itself can be turned
into: VmVn(m = n <> VF (3,,x(Fx) < 3,x(Fx))).

Note that the following definition of numerical identity in terms of material equivalence is inadequate:
(1) m=n=py VF(Iux(Fx) <> 3,x(Fx)).

(1) would be false without an axiom of infinity which says that for any natural number 7, there is a property
F such that there are n F's. For, without the axiom, there will be two different, sufficiently large numbers m
and n such that for any property F, there are neither m F's nor n F's, and so, trivially, there are m F's if and
only if there are n F's, that is, m = n.

As a better alternative, David Bostock (1974, 16) considers the following modalized version of (1):

(2) m=n=py OVF (3,,x(Fx) < 3,x(Fx)).

8 For illustration, take Def. 2.3. Suppose that there are n’ F's, and m =n. By 2.3, J1y(Fy A 3px(Fx Ay # x)). Call the y y;.
Then, Fy; A3, x(Fx Ay # x). Since m =n, that is, VF (3,,x(Fx) < 3,x(Fx)), it follows that Fy; A 3,,x(Fx Ay # x). Therefore,
Iy(Fy AJux(Fx Ay # x)), that is, there are m’ Fs.

9 See, for instance, Carnap 1931 and Dummett 1991, Chs. 9 and 11.

10 See also Bostock 1974, Hodes 1984, and Rayo 2002 for details of the latter view.



But (2) would be false without a modal axiom of infinity which says that for any natural number 7, possibly,
there is a property F such that there are n F's. For, without such an axiom, there will be two sufficiently
large and distinct numbers m and n such that necessarily, for any property F, there are m F's if and only if
there are n F's, and thus, m = n. Bostock defends (2) by saying that unlike the simple axiom of infinity, its
modal version at least “has the advantage of being certainly true” (ibid., 17). Still, he admits that “It seems
to [him] doubtful that we could justify the new axiom from a strictly logicist point of view” (ibid.).

Considering how each number can be defined in purely logical terms, it would seem that identity between
numbers must be a matter of logic and should not be affected by the size of the universe, actual or possible.
Def. 2.6 captures that intuition. Thus, suppose that it is impossible for there to be more than one object. Then
according to (1) and (2), ‘2 = 3’ would come out true. However, according to Def. 2.6, it would be false. To
see this, note first the fact that it is logically true—in classical logic—that there is (at least) one object. If we
call it x1, then x; = x1, and hence J1x(x = x1). Now, suppose for reductio that 2 = 3, that is, I’ =2'. By a
result in the next section (Lemma 3.20), it follows that 1 = 2, and hence, VF (3, x(Fx) = Jx(Fx)). Let Fx
be x =x;. Then, 3;x(x = x1) = Jox(x = x1). Since the consequent is false, and - (A = B) iff - (=B = —A),
it would follow that the antecedent is false, too, which is a contradiction. Parallel reasoning can be applied
to any two distinct numbers m and n greater than 1 to show that m # n. Since, as will be shown later, no
extra-logical axiom of infinity of any kind is necessary to establish Lemma 3.20, this establishes the logical
nature of the non-identity of any two distinct numbers.

Other numerical relations than numerical identity can also be defined in terms of the context ‘F's exist
n-wise’. The adverbial conception of numbers intuitively suggests that ‘m > n’ means ‘for any F, if F's exist

m-wise, then they must also exist n-wise, though not vice versa’. Or in symbols:
Definition 2.7. m > n =ps (VF(3,x(Fx) = 3.x(Fx)) A 3F (3,x(Fx) # 3,x(Fx))).

The less than relation is the inverse of the greater than relation: m < n if and only if n > m.

And ‘m > n’ can be defined in terms of ‘=" and ‘>’:
Definition 2.8. m > n =p; (m>nVm=n).

The less than or equal to relation is the inverse of the greater than or equal to relation: m < n if and only if

n>m.



The transitivity of logical equivalence implies that numerical identity is transitive. To see that the greater
than relation is transitive, suppose for reductio that m > 1,1 > n, and yet m # n. By Def. 3.7, IF (3,,x(Fx) #
3,x(Fx)) or VF (3,x(Fx) = 3,,x(Fx)). But since m > [ and [ > n, and logical implication is transitive, it
follows that VF (3,,x(Fx) = 3,x(Fx)). So the first disjunct is false. The second disjunct must also be false.
For otherwise it would follow by Def. 2.6 that m = n, and hence, [ > m, which implies that VF (J;x(Fx) =
Jx(Fx)). This contradicts the assumption that m > [. From the transitivity of = and >, it follows by simple
logic that > is transitive, too.

Lastly, the concept of a natural number is needed in order to develop arithmetic in ALA. Natural numbers
are finite numbers, that is, those which are accessible from 1 through a finite number of application of the
successor operation. But to explain what it is to be accessible from 1 through a finite number of application
of the successor operation requires the notion of a hereditary property. A numerical property P is hereditary
if and only if, for any number n, if n has P, so does n’. Now, to be accessible from 1 through a finite number

of application of the successor operation means to have every hereditary property had by 1:
Definition 2.9. Nn (‘n is a natural number’) =p ¢ VP((P1 AVm(Pm — Pm')) — Pn).

The principle of mathematical induction is a natural consequence of Def. 2.9, as will be shown in the next
section.

(Although it is impossible to develop a theory of transfinite numbers here in any detail, it will be helpful
to the reader to see that the smallest infinite cardinal, ¥, can be intuitively defined in terms of the predicate

‘N’ as follows:

Definition 2.10. 3y x(Fx) (‘there are X F's’) =p¢ Vn(Nn — 3,x(Fx)).)

3. The Dedekind-Peano Axioms in ALA

In this final section it will be shown in some detail that the Dedekind-Peano axioms can be derived in ALA
solely from the definitions of the basic concepts of arithmetic given above.

The Dedekind-Peano axioms can be formulated as follows:



Al N1;

A2 Vn(Nn — Nn');

A3 VmVn((NmANn) - (m=n<m' =n'));

A4 Vn(Nn— —~(1=n'));

A5 VP((P1AYm(Nm — (Pm — Pm'))) — ¥Yn(Nn — Pn)).
First, A1 and A2 both trivially follow from Def. 2.9:

Lemma 3.1 (Al1). N1.

Lemma 3.2 (A2). Vn(Nn — Nn').

For the Induction Principle (AS), first note that the following proposition is also a trivial consequence of

Def. 2.9:
Proposition 3.3. VP((P1 AVYm(Pm — Pm')) — Vn(Nn — Pn)).
Using this fact, AS can be proved as follows:
Lemma 3.4 (A5). VP((P1 AVm(Nm — (Pm — Pm'))) — Vn(Nn — Pn)).

Proof. Suppose that P1, Vm(Nm — (Pm — Pm’)), and Nn. It should be shown that Pn. From Prop. 3.3
it follows by V2E!! that ((P1 AN1) AVm((Pm ANm) — (Pm' ANm'))) — Vn(Nn — (PnANn)).!? So in
order to establish that Pn, it suffices to show, first, that (P1 AN1), and secondly, that Vm((Pm A Nm) —
(Pm' ANm')). The first follows from the assumption that P1, and Lemma 3.1. For the second, suppose Pm
and Nm. Since Vm(Nm — (Pm — Pm')), it follows that Pm’. And since Nm, it follows from Lemma 3.2

that Nm'. O
A proof of A4 requires establishing several preliminary facts.

Proposition 3.5. VmVn(m > n <> VF(3,x(Fx) = 3,x(Fx))).

1 1 e. the second-order universal quantifier elimination rule.

12 This idea is due to Frege (1962, Th. 152). Heck (1993, n. 31) presents Frege’s proof in modern notation.
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Proof. Follows by simple logic from Def. 2.6-Def. 2.8. O
Corollary 3.6. VmVn(m =n <+ (m >nAn>m))

Proof. Follows immediately from Def. 2.6 and Prop. 3.5. O
Corollary 3.7. VmVn(m > n < (m>nAn % m))

Proof. Follows immediately from Def. 2.7 and Prop. 3.5. O
Proposition 3.8. Vn(Nn —n > 1).

Proof. By induction. The base step is trivial. For the induction step, assume that Nn and n > 1. Since, by

Def. 2.3, n’ > n, it follows by the transitivity of > that n’ > 1. O
Proposition 3.9. VIVmVn((NIANmANn) = (I >m —1+n>m+n)).

Proof. Follows by Def. 2.4, Prop. 3.5 and simple logic. O
Corollary 3.10. VIVmVn((NI ANmANn) — (I >m — l+n>m+n)).

Proof. Follows by simple logic from Prop. 3.9 and Cor. 3.7. O
Proposition 3.11. Va(Nn —n+1=rn").

Proof. By induction. For the base step, suppose J;41x(Fx), that is, 3G(I1x(Fx A Gx) A 31 y(Fy A —(Gy))).
Call the G Gy, the x x; and the y y;. Then Fx; A Gix; A Fy; A —=(Gyyp). By Def. 1.1 and simple logic,
31y(Fy AF1x(Fx Ay # x)), that is, 3;x(Fx). Hence, by —1I, 0L, VI and Prop. 3.5, 1 41 > 1’. Conversely,
suppose Jyx(Fx), thatis, 3, y(FyAJjx(FxAy #x)). Call the y y;, and the x x;. Let Gx be x = x;. By simple
logic, 3G(31x(Fx A Gx) A 31y(Fy A—=(Gy))), that is, 314 1x(Fx). By —1, OI, ¥?I and Prop. 3.5, 1’ > 1+ 1.
By Cor. 3.6, 1+1=1".

For the induction step, assume that Nn and n+ 1 = . It will be shown first that n’ +1 = (n+ 1)’. Then,
by the induction hypothesis, it will follow that n’ + 1 = (n’)’, which is the desired result.

Thus, suppose 3.y, 1x(Fx), that is, 3G(Iyx(Fx A Gx) A J1y(Fy A—(Gy))). If we call the G G| and the y
y1, then Fy; A=(Giyi) A Jyx(Fx A Gix), that is, Fy; A—=(Giyr1) AF1z(FzAGiz A Fpx(Fx AGix Az # x)).
Call the z z;. Since —(Gyy;) and Gz, it follows by Def. 1.1 and simple logic that Fz; A (3,x(Fx Az; #
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xAG1x) A31y(FyAzi #yA=(Gry))). By 3T and Def. 2.4, Fz; A (3,1x(Fx Az1 # x)), and by Def. 2.3,
Jnr1yx(Fx). Hence, by —1, O, V2T and Prop. 3.5, 7' +1> (n+1).

Conversely, suppose 3,1 yx(Fx), that is, 31z(Fz A (Jo11x(Fx Az # x))). Call the z z;. Then, by Def.
24, Fz1 N3G(Fpx(Fx Nzy # x AGx) AT1y(Fy Azi # y A—=(Gy))). Call the G G| and the y y;. Let Hx
be GixVx =z. Then, Fz;y AHzy A (Fox(FxAzy #xANHx) AFy; A—(Hyp)). So, by Def. 2.3 and simple
logic, 3yx(Fx A Hx) A31y(Fy A—=(Hy)). By 3*1 and Def. 2.4, 3,/ 1x(Fx). By —I, (I, ¥?I and Prop. 3.5,
(n+1) >n'+1. Hence, by Cor. 3.6, ' +1 = (n+1)". O

Lemma 3.12 (A4). Vn(Nn — —(1 =1')).

Proof. Suppose for reductio that In(Nn A1 =n'). Call the n n;. By Prop. 3.8,n; > 1. By Prop. 3.9,n; + 1 >
1+ 1. By Prop. 3.11, n} > 1". Since n} = 1, 1 > 1’, that is, VF (31x(Fx) = Jx(Fx)). Since J1x(x = x),
call the x x;. By 31, J1x(x = x;). Now, let Fx be x = x;. By V?E, J1x(x = x1) = Jpx(x = x1). Since the

consequent is logically false, it would follow that —(3;x(x = x1)), which yields a contradiction. O

For A3 we need to establish the trichotomy principle for natural numbers. And to that end we need some

additional facts.
Proposition 3.13. VmVn((Nm ANn) — m+n=n+m).

Proof. Suppose Nm and Nn. Suppose 3, ,x(Fx), that is, 3G (3x(Fx A Gx) A3,y(Fy A—(Gy))). Call the G
Gi. Let Hx be =(Gix). Then 3,y(Fy A Hy) A 3ux(Fx A —(Hx)). By simple logic and Def. 2.4, 3, ,,x(Fx).

Hence, by Prop. 3.5, m+n > n+ m. Likewise for the other direction. O

Proposition 3.14. VIVmVn((NI ANmANn) — (I+m)+n =1+ (m+n)).

Proof. Suppose NI, Nm and Nn. Suppose 3(;4)4,*(Fx). By Def. 2.4 and FE, (3x(Fx A Gix A Hix) A
Iy (Fy NGy A —(Hyy))) A 3pz(Fz A —(G1z)). Let Gox and Hyx be Gix A Hyx and Gix A —(H,x), respec-
tively. Then 3,x(Fx A Gax) A (3uy(Fy A =(Gay) AHay) A3uz2(Fz A—(Gaz) A—=(Haz))). By 3T and Def. 2.4,

J14 (m-n)X(Fx). Similarly for the other direction. O

Proposition 3.15. Vn(Nn — n' > n).

12



Proof. By induction. The base step is trivial. For the induction step, assume that Nn and n’ > n. By Cor.
3.10, #’ +1 > n+ 1. Since, by Lemma 2, N7/, it follows by Prop. 3.11 that (n')’ > n’, which is the desired

result. OJ

Proposition 3.16. Vn(Nn — (n=1V3Im(NmAn=m')))

Proof. By induction. The base step is trivial. For the induction step, assume that Nn and n = 1V Im(Nm A
n=m'). It will be argued by cases that Im(Nm An' = m’). First, suppose n = 1. Then n’ = 1. Since N1
(A1), Im(NmAn' =m'). Secondly, suppose Im(Nm An =m’). Call the m m;. Then n’ = (m})'. Since Nm,

it follows by A2 that Nm|. Hence, 3m(Nm An’ = m'), namely m). O
Proposition 3.17. VmVn((NmANn) — (m >n— (NI Am=n+1))).

Proof. Suppose Nm. It will be shown by induction that Va(Nn — (m >n — 3JI(NI Am =n+1))). For the
base step, suppose m > 1. Then m # 1. Since Nm, it follows by Prop. 3.16 that 3/(NI Am =1'). By Prop.
3.11, 3I(NI Am = [+ 1). By Prop. 3.13, /(NI Am = 1 +1).

For the induction step, suppose that Nn and m > n — JI(NI A\m = n+1). It needs to be shown that
m>n' — 3I(NI Am=n"+1). Suppose m > n'. Since n’ > n (Prop. 3.15), it follows by the transitivity of
> that m > n. Then, by the induction hypothesis, I/(Nl Am = n+1). Call the [ [,. Since NI, it follows
from Prop. 3.16 that [, = 1 or /(NI Al =1'). But if [; = 1, then since m = n+ 1y, m = n’, which would
contradict the supposition that m > n’. Hence, /(NI Al =1'). Call the [ I,. Then, m =n+1; =n+1, =
n+ (lp+1)(Prop. 3.11) = n+ (14 1) (Prop. 3.13) = (n+ 1) + l»(Prop. 3.14) = n’ + I, (Prop. 3.11). Hence,
ANIAm=n' +1). O

Proposition 3.18. VmVn((NmANn) — (m >n— (m > n'))).

Proof. Suppose Nm, Nn, and m > n. By Prop. 3.17, (NI Am =n+1). Call the [ [;. By Prop. 3.8, [; > 1, that
is,[y >1orly =1.1fl; > 1,thenby Cor. 3.10, [y +n> 1 +n.Sincem=n+1; =l +nand 1 +n=n+1=n/,

it follows that m > n’. If [; = 1, then m =n+ 1 =n'. Hence, m > n' or m = n’, thatis, m > n’. d
Now we can establish trichotomy for natural numbers:
Proposition 3.19 (Trichotomyy). VmVn((NmANn) — (m>nVm=nVn>m)).

13



Proof. By induction on m. The base step directly follows from Prop. 3.8. For the induction step, assume that
Nmand Vn(Nn — (m>n\Vm=n\Vn>m)).Itneeds to be shown that Vn(Nn — (m' >nVm' =nVn>m')).
Suppose Nn. By the induction hypothesis, m > n or m = n or n > m. Suppose m > n. Since m’ > m (Prop.
3.15), it follows that m’ > n. Next, suppose m = n. Since m’ > m, it follows that m’ > n. Lastly, suppose

n > m. Then, by Prop. 3.18, n > m’ orn =m'. O
Lemma 3.20 (A3). YmVn((NmANn) — (m=n<«+>m' =n').

Proof. Suppose Nm and Nn. The left-to-right direction of the biconditional is trivial. For the right-to-left
direction, suppose for reductio that m’ = n’ and yet m # n. By trichotomy (Prop. 3.19), m > n or n > m.
Suppose m > n. Then m+1 > n+1 (Cor. 3.10), and hence m’ > n’ (Prop. 3.11). But since m’ = 7/, it follows

that n’ > n’, which is a contradiction (Def. 2.7). So m # n. Parallel reasoning shows that n } m. [
The five lemmas established above combine to yield the main theorem of this section:

Theorem 3.21. A1 ANA2 ANA3NA4NAS.

Proof. Follows immediately from Lemmas 1, 2, 20, 12 and 4. O]

In light of the fact that Definitions 2.1-2.9 define the basic concepts of arithmetic in purely logical terms,
and the fact that Th. 3.21 has been established in ALA solely from those definitions, we may conclude that
the Dedekind-Peano axioms of arithmetic are in fact truths of logic. Since every truth of arithmetic is a
second-order consequence of the axioms, it would seem that the result vindicates arithmetical logicism—
that arithmetical truths are in fact logical truths—provided that second-order consequence preserves logical

truth.
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